Abstract. The problem of hedging a contingent claim with minimization of quadratic risk is studied. Existence of an optimal strategy for the model with proportional transaction cost and nondelayed observation is shown.
Definition 1.
A trading strategy θ = (θ k ) k=1,...,T is a pair of F-adapted processes (m k , l k ) k=1,...,T which satisfy the following conditions: The financial interpretation of m k and l k is that they represent quantities of stocks that are sold or bought respectively at time k.
In what follows we assume that the investor has access to all available information about the price of asset S. Definition 2. Let θ = (θ k ) k=1,...,T , θ k = (m k , l k ), be a trading strategy.
(i) A process X(θ) = (X k (θ)) k=1,...,T such that X 0 = c ∈ R is the initial endowment and X k (θ) = (1 + r)X k−1 (θ) + (1 − µ)m k S k − (1 + λ)l k S k is called the process of capital invested in a riskless bond.
(ii) A process Y (θ) = (Y k (θ)) k=1,...,T such that
, is called the process of capital invested in the asset S. Notice thatξ k denotes the number of stocks held in the time interval [k, k + 1).
Without loss of generality one may assume that the interest rate r is equal to 0. Then
(P ). However square integrability of the process Y (θ) is not assumed. To obtain it we impose an additional assumption (RB) on the price process S, introduced in [4] . 
We recall a simple lemma which will be very useful later on (for a proof see [4] ).
From Lemma 1 we immediately obtain the following corollary.
The image G T (Θ) := {G T (θ) : θ ∈ Θ} is called the set of attainable gains.
Using the notation introduced in [4] we formulate the following optimization problem (we write x for the transposition of the vector x):
Here we consider a very general model, which describes a so called incomplete market. One of the well known optimization criteria proposed in the literature is quadratic risk minimization, which was considered in general as minimization of global or local risk (see [6] for details). In a discrete time model, the problem was studied e.g. in [7] . There are many papers devoted to this problem, but without taking into account any transaction costs. Historically, the first attempt to incorporate transaction costs was made by Lamberton, Pham and Schweizer [3] , but they only considered the local risk minimization. In [4] , the existence and uniqueness of an optimal strategy minimizing global risk was proved. One of the technical assumptions sufficient for that result is predictability of the strategy, which practically means that the investor does not know the current price (he knows the previous price) when taking an investment decision. The reason for this assumption was the necessity to move the controlled, predictable part outside the conditional expectation, under fairly weak conditions (MND), (RS) and (RB) imposed on S.
In this paper we relax the predictability condition on θ, making the trading strategy more realistic. Consequently, we are forced to use different arguments to prove the closedness of G T (Θ). In order to achieve this objective we require that the price process S satisfies slightly stronger conditions, which we introduce in the next section.
Finally in Section 3 we prove the main theorem of the paper.
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Additional assumptions.
In order to relax the assumption on predictability of a strategy θ, we impose some additional assumptions that ensure closedness of G T (Θ). The nondegeneracy condition (MND) (considered in [4] ) is now replaced by the following.
Definition 5. The process S ∈ L 2 (P ) satisfies the condition:
The two conditions above also play a role of a nondegeneracy property, but are stronger than the (ND) condition (see e.g. [7] or [5] ) and stronger than the well known condition (see [1] ) that implies the existence of a martingale measure in the model. Therefore we have Remark 1. Notice that the assumptions allow us to consider S as an element of a quite general class of discrete time processes. In particular if S is modeled by the equation
where the random variables k are i.i.d. and moreover almost surely separated from −1 and bounded, then both (A1) and (A2) are satisfied.
Notice that under (RB) and (A1), (A2) we do not need the (RS) condition required in [4] .
In what follows we denote by ξ k the number of stocks at time k − 1, i.e.
Notice that the process ξ is predictable and ξ 1 = 0.
Closedness of G T (Θ)
. Before we formulate the main theorem of the paper we introduce an auxiliary lemma.
Lemat 2. If S satisfies conditions (A1), (A2) and
Proof. We argue by induction on T . Since we put ξ 1 = 0, we start the induction at T = 2. By condition (A1) for T = 2, we have
and analogously
, which yields the assertion for T = 2.
Assume that the assertion holds for T − 1.
Since f T −1 and ξ T ∆S T are negative on the given sets, we have
By (3) and (A2), we have
Therefore using (3) and (5) we obtain
.
In an analogous way we prove that
Since by the assumption
Consequently, by the induction assumption we obtain
and by (2),
Using (A1) we have
To complete the proof, it suffices to show that
Since in the first term f T −1 is positive and ξ T ∆S T < 0, we have
, while in the second term both f T −1 and ξ T ∆S T are negative, and by the assumption (
It can be easily seen now that by considerations analogous to the proof for T = 2, using (A1) we obtain the existence of constant bounds for the norm of
for a constant C 7 and the proof is complete.
A similar result, but in the L Before we prove the main theorem of the paper we need an auxiliary lemma which is in some sense a generalization of [4, Lemma 4] .
Proof. Observe that for any
because by the Cauchy-Schwarz inequality and (RB) condition we have
and hence by weak convergence of η
We are in a position to formulate the main result of the paper. for n ∈ N and by Lemma 2,
X(θ
Therefore, there exists a constant K such that
